Despite the prominence of Onsager's point-vortex model as a statistical description of 2D classical turbulence, a first-principles development of the model for a realistic superfluid has remained an open problem. Here we develop a mapping of a system of quantum vortices described by the homogeneous 2D Gross-Pitaevskii equation (GPE) to the point-vortex model, enabling Monte-Carlo sampling of the vortex microcanonical ensemble. We use this approach to survey the full range of vortex states in a 2D superfluid, from the vortex-dipole gas at positive temperature to negative-temperature states exhibiting both macroscopic vortex clustering and kinetic energy condensation, which we term an Onsager-Kraichnan condensate (OKC). Damped GPE simulations reveal that such OKC states can emerge dynamically, via aggregation of small-scale clusters into giant OKCclusters, as the end states of decaying 2D quantum turbulence in a compressible, finite-temperature superfluid. These statistical equilibrium states should be accessible in atomic Bose-Einstein condensate experiments. [24] [25] [26] paradigm system for the study of quantum vortices and 2D quantum turbulence (2DQT) -offer the possibility of physically realizing Onsager's negative-temperature equilibrium states. A concrete realization of the point-vortex model in an atomic superfluid will broaden our understanding of the universality of 2D turbulence by enabling new studies of spectral condensation of energy at large scales [27] [28] [29] [30] , statistical mechanics of negative-temperature states [31] [32] [33] , the dynamics of macroscopic vortex clustering [34] , and the inverse energy cascade [35] [36] [37] [38] , previously confined to 2DCT.
The importance of the point-vortex model as a statistical description of two-dimensional (2D) classical hydrodynamic turbulence was identified by Onsager [1] , who predicted that the bounded phase-space of a system of vortices implies the existence of negative-temperature states exhibiting clustering of like-circulation vortices [2] . This model provides great insight into 2D classical turbulence (CT) [3] , and much subsequent work has focused on the point-vortex model as an approximate statistical description of decaying 2DCT [4] [5] [6] [7] [8] . While classical fluids cannot directly realize the point-vortex model, atomic Bose-Einstein condensates (BECs) -which present an emerging theoretical [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] and experimental [24] [25] [26] paradigm system for the study of quantum vortices and 2D quantum turbulence (2DQT) -offer the possibility of physically realizing Onsager's negative-temperature equilibrium states. A concrete realization of the point-vortex model in an atomic superfluid will broaden our understanding of the universality of 2D turbulence by enabling new studies of spectral condensation of energy at large scales [27] [28] [29] [30] , statistical mechanics of negative-temperature states [31] [32] [33] , the dynamics of macroscopic vortex clustering [34] , and the inverse energy cascade [35] [36] [37] [38] , previously confined to 2DCT.
In this letter we develop an analytic statistical description of the microstates of 2D quantum vortices within the homogeneous Gross-Pitaevskii theory, and show that macroscopically clustered vortex states emerge from small-scale initial clustering as end products of decaying 2DQT. As in CT, the homogeneous system offers the clearest insight into the underlying physics, and is increasingly relevant experimentally [39] . Consequently, our results describe physics relevant to a wide range of possible vortex experiments in atomic BECs. By systematically sampling the microcanonical ensemble for the vortex degrees of freedom, we give a detailed, unifying view of the properties of vortex matter in a homogeneous 2D superfluid. We characterize the emergence of macroscopic clusters of quantum vortices at negative temperatures, linked with spectral condensation of energy at the system scale. In the context of 2DQT we call this the Onsager-Kraichnan condensate (OKC), as it represents a physically realizable state that unifies Onsager's negative-temperature point-vortex clusters with the spectral condensation of kinetic energy predicted in 2DCT by Kraichnan [27] .
Atomic BECs support quantum vortices subject to thermal and acoustic dissipative processes that may be detrimental to the observation of an OKC. We assess the accessibility of the excited states comprising an OKC via dynamical simulations according to the damped Gross-Pitaevskii equation (dGPE). We find that our statistical approach describes the end-states of decaying 2DQT that emerge dynamically from low-entropy initial states. Even for relatively small positive point-vortex energies, the OKC emerges as a result of statistically driven transfer of energy to large length scales.
To map the Gross-Pitaevskii theory to the point-vortex model, we introduce an ansatz wavefunction for N vortices in a homogeneous periodic square BEC of side L, with positions r j and circulations hκ j /m defined by charges κ j = ±1 (
where χ(r) is the radial profile of an isolated quantum vortex core, obtained numerically [19] . Unlike the velocity field for point-vortices in a doubly-periodic domain [31, 32] , the associated quantum phase θ does not, to our knowledge, appear in the literature. We present an expression for θ as a rapidly convergent sum, obtained from a poorly convergent sum over periodic replica vortices, in the Supplemental Material [41] . The phase θ yields a periodic superfluid velocity v = ( /m)∇θ very close to the point-vortex velocity, but consistently modified by the boundary conditions such that θ(x + η x L, y + η y L) = θ(x, y) + ζ2π, for all η x , η y , ζ ∈ Z, remains a well-defined quantum phase. To ensure that χ(r) is accurate, we enforce a minimum-separation constraint |r p − r q | ≥ 2πξ, where ξ = / √ µm is the healing length (for BEC chemical potential µ and atomic mass m), and 1 ≤ p q ≤ N.
Up to an additive constant, the total kinetic energy in the point-vortex model is NΩ 0 ξ 2 ε({r j }, {κ j }). Here, the dimensionless point-vortex energy (per vortex) is given by [32] 
where
and Ω 0 = π 2 n 0 /mξ 2 is the unit of enstrophy for 2D homogeneous superfluid density n 0 [19] . Accounting for compressible effects with the core ansatz χ Λ (r) = [n 0 r 2 /(r 2 +ξ 2 Λ −2 )] 1/2 , the incompressible kinetic energy (IKE) spectrum of Eq. (1) at scales below the system size L is well approximated by [19, 41] [17, 19] . In the infrared (IR, k ξ −1 ) the average spectrum of N-vortex configurations with randomly distributed vortices is equal to the sum of N independent single-vortex spectra, giving the k [17, 19, 21] . The wavefunction ψ [Eq. (1) ] is set entirely by the vortex configuration, allowing us to adopt a statistical treatment where, for each configuration ({r j },{κ j }), ψ defines a microstate of the 2D BEC [42] . Aside from the minimumseparation constraint, the phase θ in Eq. (1) establishes a oneto-one correspondence between the N-vortex states of a 2D BEC and the microstates of the classical point-vortex model. The set of all microstates ψ at fixed point-vortex energy ε [Eq. (2)] defines a microcanonical ensemble; the measure of this set is the structure function W(ε) [which defines the system entropy S (ε) = k B ln(W(ε))]. The normalized structure function, w(ε) ≡ W(ε)( dεW(ε)) −1 , is obtained numerically as a histogram of ε for random vortex configurations. We sample the microcanonical ensemble at energy ε numerically, using a random walk to generate many N-vortex configurations having energies within a given tolerance [40] . Related microcanonical sampling techniques have previously been applied to the classical point-vortex model [31] [32] [33] [34] . Averages of observables over this ensemble are dominated by the most likely (highest-entropy) configurations. For large N (ensuring ergodicity [31, 32] ) ensemble averages define a statistical equilibrium corresponding to time-averaged properties of the end-states of decaying quantum vortex turbulence at energy ε.
To demonstrate that quantum vortices in a 2D BEC can provide a physical realization of negative-temperature states exhibiting macroscopic vortex clustering, we sample the GPE microstates of the 2D BEC, compute the IKE spectrum, and decompose the vortex configurations into dipoles and clusters using the recursive cluster algorithm (RCA) developed in Ref. [23] . For each cluster the RCA yields the cluster charge κ c and average radius r c (average distance of constituent vortices from the cluster center of mass). We define the clustered fraction f c = s |κ c,s |/N, where κ c,s is the charge of the sth cluster. We also define N κ c as the total number of vortices participating in all clusters of charge ±|κ c |. Finally, we introduce the correlation functions c B =
p is the charge of the qth nearest-neighbor to vortex p. These are directly related to the functions C B introduced in Ref. [20] ; a value of c B > 0 (< 0) indicates (anti-)correlation between vortex charges, up to nearest neighbours of Bth order. < 50ξ L, and the IKE spectrum follows the k −1 law in the IR-region. At energies ε < 0 (where T > 0 for ε ≤ ε ∞ ), c B ( f c ) drops below 0 (1/2), indicating proliferation of vortex dipoles and reduced number, charge, and radius of vortex clusters. As ε → −3 one obtains a vortex-dipole gas with approximately the minimal spacing 2πξ [see Fig. 2(a) ]. The IKE spectrum lies below the k −1 law at large scales. At energies ε > 0 (where T < 0) Fig. 1 shows macroscopic vortex clustering and spectral condensation of IKE. While low-order measures of clustering (c B , f c ) increase slowly with ε, the distribution of vortices bifurcates, revealing the appearance of two (oppositesign) macroscopic clusters. Spectrally, the energy associated with these clusters manifests itself as an OKC lying above the k −1 power-law at large scales. The charge and radius of clusters (|κ c | max and r max c ) grows more rapidly with ε than |κ c | and r c up to ε ∼ 50, highlighting the utility of the RCA for the characterization of point-vortex states. Above this energy, clusters increase in charge less rapidly, and absorb further energy by shrinking in radius. For ε 200 two clusters contain all the vortices, illustrating the phenomenon of supercondensation [28] ; in this regime the k −1 spectrum vanishes.
In contrast to the UV-divergent point-vortex model, the universal k −3 UV asymptotic of the IKE spectrum [Eq. (3)] implies a physical transition energy for the emergence of the OKC, given by
. An analytic estimate of E 0 follows from the second term in Eq. (3) averaging to zero at ε = 0 (c B = 0 for all B); correctly accounting for the discrete nature of the spectrum [41] yields E 0 ≈ 4.735NΩ 0 ξ 2 , in good agreement with the numerical value E 0 ≈ 4.821NΩ 0 ξ 2 obtained from ψ, which does not rely on the core ansatz used to obtain Eq. (3). We find that the total IKE is very well predicted by E i tot (ε) = E 0 + εNΩ 0 ξ 2 . Thus, the appearance of the OKC is due to saturation of excited states: IKE exceeding E 0 accumulates near the system scale, forming the spectral feature lying above the k −1 spectrum. Note that the OKC is a (quasi-)equilibrium phenomenon distinct from the classical scenario of condensation in forced turbulence, where the k −5/3 spectrum of the inverse energy cascade (IEC) gives way to k −3 at low k associated with the dynamical condensate [29, 30, 43] .
To demonstrate that Fig. 1 provides a quantitative description of decaying QT in a 2D BEC, and that statistically-driven transfers of energy to large length scales can occur in a compressible quantum fluid, we consider the dynamics of nonequilibrium states in the dGPE [44] [45] [46] . For a 2D BEC (subject to tight harmonic confinement in the z-direction with oscillator length l z ) this can be written as
where g 2 = √ 8π 2 a s /ml z , m is the atomic mass, and a s is the s-wave scattering length. The dimensionless damping rate γ describes collisions between condensate atoms and noncondensate atoms, an important physical process in real 2D superfluids that leads to effective viscosity [19] and suppression of sound energy at high k. We use the experimentally realistic value γ = 10 −4 [25] in our simulations. We use a random walk to obtain a neutral configuration of N = 24 vortices in a periodic box of length L = 128ξ at energy ε . A 4 2 tiling of this configuration, with each vortex subject to Gaussian position noise (variance ξ), provides a non-equilibrium, lowentropy state of N = 384 vortices in a box with L = 512ξ and energy ε (found by adjusting ε ). This state is then evolved to time 10 4 /µ in the dGPE, over which time we find that the compressible energy does not increase [and ε(t) does not decay] significantly, supporting our statistical description [47] . Figure 2 shows the time evolution of the vortex configuration for three different initial energies [ Fig. 2(a) ] with IKE spectra [ Fig. 2(b) ] and clustering measures [ Fig. 2(ce) ] determined by short-time averaging of individual runs of the dGPE. While approach to complete equilibrium is slow, Fig. 2(e) shows that the charge of the largest cluster equilibriates more rapidly (by t ∼ 2000 /µ). For ε(0) = −3, the dynamics consists largely of dipole-dipole collisions and vortex-antivortex annihilation (increasing the energy per vortex ε, [32] ), and exhibits a time-invariant IKE spectrum; these positive-temperature point-vortex states have no analog in 2DCT [32] . For ε(0) = 0, the approach to equilibrium involves significant dipole-cluster interactions that redistribute the cluster charges, decreasing f c and c B while increasing |κ c | max . This redistribution transfers energy to large scales, (b) Absolute charge, |κ c |, of the largest vortex cluster. Spectra and measures are shown as a moving average from t to t + 500 /µ, and E i (k) is normalized by N(t); decay of N(t) for ε(0) > −3 is negligible ( 5%). Horizontal shading in (c-e) shows the statistical equilibrium distributions from Fig. 1(a,b) (shaded areas indicate ±1 standard deviations). Note that we compare the ε(0) = −3 evolution to the statistical equilibrium at ε = −2.5, since dipole annihilation [for ε = −3, N(10 4 ) = 178] leads to ε(10 4 ) ≈ −2.5.
producing an approximate k −1 power-law in the IR [note that the time-averaged spectrum is expected to fluctuate relative to the 10 4 -configuration average in Fig. 1(c) ]. For ε(0) = 6 the dynamics is reminiscent of 2DCT. Energy transfer to large scales builds an OKC, with the vortices grouping into two macroscopic clusters [48] . Although a steady k −5/3 spectrum is absent (and would require continuous forcing and damping to establish a steady inertial range [23] ) some intermittent k −5/3 behaviour is evident [41] . The equilibrium distribution of vortices outside of the OKC closely resembles the uncorrelated (ε = 0) state [2] and has a low level of clustering. As the initial condition contains many small clusters, this counterintuitively causes low-order measures of clustering [ f c and c 2 in Fig. 2(c,d) , and all c B for B 10] to decay during OKC formation. Thus, high-order clustering information provided by the RCA is vital in identifying OKC: the rapid increase of |κ c | max for ε(0) = 6 in Fig. 2 (e) contrasts with the cases ε(0) = 0, −3, indicating the emergence of the OKC. The demonstration of a statistically driven transfer of kinetic energy to large scales underpins the existence of an IEC in far-from-equilibrium 2DQT in scenarios with appreciable vortex clustering [19, 23] , and is complementary to the direct energy cascade identified in scenarios dominated by vortex-dipole recombination [13, 49] .
We have developed a first-principles realization of Onsager's point-vortex model in a 2D superfluid, and observe the upscale energy transfer of 2DCT in decaying 2DQT described by the damped Gross-Pitaevskii equation. Configurational analysis of the vortex states and associated energy spectra demonstrate the emergence of an Onsager-Kraichnan condensate of quantum vortices occurring at negative temperatures in equilibrium, and as the end states of decaying 2DQT. The microcanonical sampling approach opens a new direction in the study of 2DQT, enabling systematic studies of far-fromequilibrium dynamics, energy transport, inertial ranges, and other emergent phenomena in 2DQT, and points the way to experimental realization of Onsager-Kraichnan condensation. Here, we construct the phase θ(r, {r j }, {κ j }) associated with an ansatz wavefunction for a neutral system of N superfluid vortices with positions r j and circulations hκ j /m (charges κ j = ±1) in a homogeneous periodic square 2D BEC of side L.
The phase associated with the velocity field of a single point-vortex j is given by
where the four-quadrant arctangent function is defined by
Because we only require θ j to within an arbitrary multiple of 2π, we may gain a substantial notational convenience by noting that the simplified definition
where H(x) is the Heaviside unit-step function, is equivalent to Eq. (1) to within such a multiple. Due to the infinite extent of this phase field, to obtain the phase due to N pointvortices in a doubly-periodic square domain it is necessary to sum over the entire infinite periodic array of vortices (i.e., not only over the periodic unit cell, but over the infinite periodic lattice). Implemented directly, such a summation is poorly convergent. Summing over too few unit cells of the infinite lattice introduces spurious boundary effects at the edge of the central unit cell; in particular the nucleation of undesired extra vortices at the boundaries leading to subsequent large-scale compressible flows. While this problem can be to some extent mitigated by a short evolution in imaginary time, by performing such an evolution one relinquishes control over the exact number and positions of the vortices. However, when computing the phase on a large simulation grid, even for small numbers of vortices (< 10), we find that summing over a sufficient number of unit cells to eliminate spurious boundary effects is computationally infeasible. In the following we overcome this challenge by analytically reducing the poorly-convergent, doubly-infinite sum to a single convergent summation. The final form for θ we present allows exact vortex positioning, eliminates boundary effects entirely, and leads to very short computation times even on large grids. We begin by working in a periodic unit cell with coordinates 0 ≤ x, y < 2π for simplicity (the extension to the general periodic cell 0 ≤x,ỹ < L is straightforward and follows subsequently). Figure 1 illustrates the geometry of the problem for the kth vortex dipole (any neutral configuration of N vortices can be arbitrarily partitioned into N/2 dipoles). This vortex dipole is formed by a positive vortex located at (x + k , y + k ) and a negative vortex located at (x − k , y − k ). To determine the phase at a test point (x, y) it is convenient to introduce the auxilliary variables (X
. In the present treatment we shall assume that |x
this restriction can always be met by an appropriate translation of the unit cell and provides a considerable notational convenience. However, note that when computing the phase due to a given N-vortex configuration it is in fact somewhat easier to follow the procedure developed here for each vortex pair without enforcing this requirement: Instead one can subsequently transform the phase θ k for each vortex dipole according to
We proceed by first reducing the doubly-infinite summation to a singly-infinite one by analytically summing over all periodic replicas of the unit cell in the x-direction. Explicitly considering just the central row of unit cells in the figure, we have for periodic replicas of the positive vortex
The penultimate term above represents the adjustment to the angle obtained when "passing" a vortex in the x-direction [see Eq. (3)]. The final term reflects the fact that the phase is only defined up to a, possibly y-dependent, constant. Rearranging the sums in Eq. (4) under a single summation sign we obtain
This summation can be evaluated using a formula due to Ramanujan [56] , giving
An equivalent treatment for the negative vortex yields
Summing over all the rows of unit cells (i.e., summing over the y-direction) leads to the singly-infinite sum for the total phase due to the dipole and all its periodic replicas
where f (y) = f + (y) + f − (y). The correct f (y) is determined by the requirement that the phase be periodic in y, in the sense that
for integer s. Keeping in mind this requirement, we differentiate Eq. (8) w.r.t. y, yielding the y-component of the velocity field
Note that this differs from the standard point-vortex result [31] only by the term f (y). To obtain appropriate point-vortex physics, we therefore require that f (y) be equal to a constant. Physically, this constant appears because of the restriction [Eq. (9) ] that θ k should be a well-defined quantum phase, a requirement not present in the classical point-vortex model. Equation (10) can be integrated over a single period in y to obtain the change in phase over the unit cell in this direction, (11) where we have used the periodicity of v y k in order to replace the infinite sum in Eq. (10) with infinite limits in the integral.
Evaluating both integrals, for constant f (y), gives
Hence, the minimal choice to recover periodicity in y is
In practice the sum in Eq. (13) converges rapidly, such that
n=−5 is sufficient. Using the dipole result above for the case L = 2π, the total phase due to a neutral configuration of N vortices in a periodic box of arbitrary side length L, with coordinate system (x,ỹ) ≡ r, can be obtained by an appropriately scaled sum over all dipoles
where (x, y) = 2π(x,ỹ)/L, and the implicit vortex position arguments to θ k should also be appropriately scaled (i.e., r j = 2πr j /L). We have tested this expression for a wide variety of numbers, N, and individual configurations of vortices. We find that the result is periodic with period L and, importantly, the velocity field ∇θ total /m associated with the phase agrees exactly with the point-vortex result of Ref. [31] , up to the small velocity shift required to obtain a well-defined quantum phase. Finally, using Eq. (13) and Eq. (14) we construct the GPE ansatz state for a neutral configuration of N vortices in a periodic box of arbitrary side length L ψ(x,ỹ) = e iθ total (x,ỹ)
where χ(r) is the radial profile of an isolated quantum vortex core [19] , which we obtain numerically. To ensure the cores are indeed suitably isolated, we enforce a minimum initial separation between vortices of 2πξ, where ξ is the healing length. Evolving this initial condition in the undamped GPE, with no preparatory imaginary-time evolution or other smoothing, leads to negligible density fluctuations during the first part of the ensuing vortex dynamics, and no unphysical dynamics at the boundary of the periodic cell. Hence, Eq. (14) provides a suitable ansatz for an arbitrary N-vortex state (with minimum inter-vortex distance 2πξ) in the homogeneous, periodic GPE.
II. POINT-VORTEX ENERGY SPECTRUM IN A PERIODIC SQUARE DOMAIN
For N vortices at positions r i with charges κ i in a periodic square box of side Lξ, the stream function ϕ(r) obeys
where 2πξc = h/m is the quantum of circulation and δ (2) (r) is the two-dimensional Dirac delta.
Green's functions provide a powerful method for obtaining the stream function for superfluid vortices [57] . The stream function can be derived as a sum of single-vortex Green's functions which obey
Equation (17) has general solution under our periodic boundary conditions
where k = 2π(n x , n y )/Lξ for n x , n y ∈ Z. Hence, the stream function ϕ is given by
The two dimensional velocity field v = ∇ × ϕẑ is thus 
yields w(k; {r i , κ i }) = N i=1 κ i cξ ie
Hence the kinetic energy spectrum E(k) = mn 0 |w(k)| 2 /2, for background superfluid number density n 0 , is given by
where Ω 0 = π 2 n 0 /mξ 2 is the quantum of enstrophy [19] . While Eq. (23) gives the full form of the kinetic energy spectrum, it is typically more practical to consider the angularly integrated spectrum E(k). By assuming a continuum limit and substituting k x = k cos(θ k ), k y = k sin(θ k ), and x i − x j = r i j cos(θ i j ), y i − y j = r i j sin(θ i j ), one can obtain the angularly integrated spectrum
To obtain an incompressible kinetic energy with the correct ultraviolet asymptotics for vortices in a compressible quantum fluid, one can follow the procedure of Ref. [19] and use an ansatz for the vortex core density. This procedure leads to an overall envelope function on the spectrum which is exactly equivalent to the replacement (kξ) −1 → F Λ (kξ). Hence
is the appropriate kinetic spectrum for N superfluid vortices in a periodic square box, in the Gross-Pitaevskii description.
finite-temperature Bose-Einstein condensates. Viewed phenomenologically, the dGPE's key advantage is that it incorporates some of the dissipative physics lying beyond the zerotemperature GPE, while remaining computationally tractable even for large, complex systems [60] . Within such a phenomenological treatment one can also attempt to heuristically include other effects by adjusting γ; for example in the case of the 2D dGPE considered here one might expect that the effects of coupling to compressible dynamics in the tightly-trapped zdirection could be phenomenologically captured by a higher effective damping rate γ. However, we emphasize that within the c-field approach γ can be calculated a priori from experimental parameters, and typically has a value of order 10
